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In [2] and [3] F’ h ISCer considered the following functional equation 
sup M(x + Y) + (1 - p)f(x - 391 = f(4 + g(P), O<Y<X (1) 
where x > 0, fr <p < I and f and g are real functions defined in the intervals 
(0, co) and (Q, 1) respectively. The equation in a slightly less general form had 
previously arisen in a paper by Bellman [l] on the treatment of information and 
communication. 
Fischer [2] has, in particular, given the general solution of (1) when g = 0 
in (4, 1) so interest now centres on the case when g has a positive value in (3, 1). 
The purpose of this note is to supplement Fischer’s results by showing that, if 
(f, g) is a solution of (1) with g not identically zero in (+, l), then one of the 
following must hold: 
(i) fis a continuous strictly increasing function and g is a bounded strictly 
increasing convex function, 
(ii) f is not bounded above or below in any neighborhood of any point and 
g is a convex function such that g(p) + co asp + 1-O. 
However no solution of the latter type appears to be known at present. 
LEMMA. If (f, g) is a solution of(l), then g is convex. 
Pyoof. Let x > 0, p, , pz E (+, 1) and X E (0, 1) then 
&!P, + (1 - 8P2) +fw 
= =&[(~Pl + (1 - 4 P&m + Y> + (1 - API - (1 - 4 P,)f@ - Y)l 
, 
G x Owz3C[Plf(~ + Y) + (1 - Pdf@- 391 
+ ;1 - A) oy&P& +r> + (1 - P&m - Y)l 
= w4 + dPlN + (1 - 4 W) + ‘dP& 
Hence g is convex in (6, 1). 
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Since a convex function on an open interval is continuous on that interval, 
Lemma 1 is a generalisation of Proposition 9 of [2]. 
Let (f, g) be a solution of (1). Since g is necessarily a non-negative convex 
function either g( 1-O) exists or g(p) -+ 00 asp + 1-O. Now if f is increasing, g is 
bounded since 
f  (1) + g(p) = ~~JJPf(l + Y) + (1 - P)fU - Y)l am 
for each p in (4, 1). Thus if g(p) -+ co as p --f I-Of is not increasing and so, by 
Theorem 1 of [3], f  is pathological in the sense that it is not bounded above or 
below in any neighborhood of any point. However if g(l-0) exists then, by 
Theorem 1 of [2] and Proposition 6 of [3], f  is monotonic and so f  is not patho- 
logical. Thus f  is pathoIogica1 if and only if g is a convex function satisfying 
g(p) --t cc as p --f I-O. We now show that any non-pathological f  is continuous. 
THEOREM. Let (f, g) be a solution of (I) h w ere f  is not pathological in the above 
sense, then f  is continuous. 
Proof. If g = 0 on ($, 1) then, by Theorem 1 of [2], f  is concave and therefore 
continuous on (0, co) and the result follows. Thus we may assume that g(p) 
is positive for at least one p in (3, 1). Since f  is not pathological we have, from 
the above, that g( 1-O) exists so that f is increasing by Proposition 6 of [3]. 
Suppose f  is not continuous at x,, then by Theorem 2 of [3] we may assume 
x,, E [l , 2) and that f  is discontinuous on the right at x,, . Since f  is increasing, 
f(xO + 0) exists so let 9 = f(~,, + 0) - f(~,,) > 0. As there can only be a finite 
number of jumps larger than 7 in [ 1,2) we can suppose that 7 is the maximum 
jump off in [l, 2) and so, by Theorem 2 of [3], the maximum jump off. Choose 
p in (4, 1) such that g(p) > 0 and put 
1 . 
<=Trnln 2SP I 
l--p 7, s(p)) > 0. 
Let (un) be a positive sequence which tends to zero and take y,, satisfying 
O<y,<x,+u,and 
Pf(% + %I + Yn> + (1 - P)f 6% + UrL - Yn) >f (x0 + %) + g(p) - E 
2fhl + 0) + g(p) - E* 
(2) 
If there is a constant c such that yn = c for an infinite number of n, choose 
y = c; otherwise choose y to be a limit point of (ye / n = 1, 2,...}. By taking an 
appropriate subsequence if necessary, we may assume that the sequences 
(yll + u,) and (y% - u,J tend toy. Now y # 0 for if y = 0 the L.H.S. of (2) 
is less than pf(x,, + 0) + (1 - p) f(xO + 0) + E for sufficiently large n and we 
have a contradiction to (2). Further y < x0 for, if y = x0 , by taking n large 
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enough the L.H.S. of (2) can be made negative and as numerically large as we 
please by Proposition 3 of [2]. 
By the choice of 7 we have f(x,, + y) 3 f(xa + y + 0) - 7. Take m so that 
for n 2 m 
f  6% + %z -YJ <f(‘% -Y +o> + E 
and 
fkl + %a t-Y,> <f(xll +r + 0) + E 
Now f is continuous on the left at x,, + y so choose 6 > 0 satisfying 6 < y and 
f&l + Y - 8) > fbl + Y) - E. 
Then for n > m we have 
f&J + g(p) 
3 Pf(% + Y - 4 + (1 - P) f(% - Y + s> 
2Pf(% t-Y) -PC + (1 -P)f(% -Y -tOI 
>Pf(%+Y +o)-P(E+?1)+(1 -P)fkl-Y -to> 
~Pf(x,+u,+Y,)-PP(2~+rl)+(l -P)f(%+%a-YJ-(1 -P>c 
>f(xo+O)+g(P)-22E-P(E+rl) bY (2) 
= f(%) + dP> + (1 - P) ?1 - (2 + P> E > fc%> + API 
since E < (1 - p)/(2 + p) 7 and we have a contradiction. 
Fischer [2, Theorem 31 showed that if f is continuous and g not identically 
zero on (4, 1) then f is increasing. The following proposition shows that f is, in 
fact, strictly increasing. 
PROPOSITION 1. Let (f, g) be a solution of (1) where f is not pathological and g 
has a positive value in (4, l), then f is strictly increasing. 
Proof. By the theorem f is continuous and therefore increasing by Fischer’s 
result. Suppose f is not strictly increasing then there exist x1 < xe such that 
f(x) =fW for x1 < x < xa . (3) 
We may clearly assume that there is no interval I C (0, x1) such that f is constant 
onIandII/>x,-x,.LetpE(+,I)b e such that g(p) > 0. Since f is continu- 
ous it follows that there is a yr E (0, xr) such that 
Pf (Xl + YJ + (1 - P)f (Xl - Yd =f (Xl> + g(P). 
Sincefis increasing, by (3) we must have y, > xa - x1 . Take y, = y1 - xa + x1 
then 0 < yz < x, and we have 
Pf (x2 + Yz) + (1 - P)f 6% - Yz) 2 Pf (Xl + Yd + (1 - P)fc% - YA 
2 Pf (Xl + Yl) + (1 - P)f @I - Yd 
= f (4 + l!(P) = f 6%) + g(P)* 
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Hence equality holds throughout and we have f(xz - yl) = f(xl - yl). Thus 
f(x) is constant for x1 - y1 < x < x2 - y1 < x1 and we have a contradiction. 
Fischer [2, p. 2191 pointed out that if f is continuous then g is increasing. We 
can now slightly strengthen this result by proving the following. 
PROPOSITION 2. If  (f, g) is a solution of (1) where f is not pathological and g 
is not identically zero in (4, l), then g is strictly increasing. 
Proof. By the theorem f  is continuous so g is increasing by Fischer’s result. 
If there is ap in (4, 1) for whichg(p) = 0, theng($ + 0) = 0 and, by Theorem 4 
of [2], f(x) = clog x + d where c 3 0 and d are constants. It follows that 
g(p) = c[p logp + (1 -p> lodl -PI + 1% 21 
which is strictly increasing. 
Thus we may assume g(p) > 0 f orallpin($,l).Let$<p,<p,<land 
x > 0 be given then, since f  is continuous, there is a y1 with 0 < y1 < x such 
that 
dPl> + f  (4 = l%f(x + Y1) + (1 - A) f(x - Yl) 
Now f  is strictly increasing by Proposition 1 so 
g(A) + f  (4 -=C Af (x + Yl) + (1 - Pz) f  (x - YJ G g(Pz) + f  (4 
and the result follows. 
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